Copositivity for 3rd order symmetric tensors 
and applications 


Jiarui Liu, Yisheng Song* 
November 23, 2019 


Abstract. The strict copositivity of 4th order symmetric tensor 
may apply to detect vacuum stability of general scalar potential. 
For finding analytical expressions of (strict) copositivity of 4th 
order symmetric tensor, we may reduce its order to 3rd order to 
better deal with it. So, it is provided that several analytically suf- 
ficient conditions for the copositivity of 3rd order 2 dimensional 
(3 dimensional) symmetric tensors. Subsequently, applying these 
conclusions to 4th order tensors, the analytically sufficient condi- 
tions of copositivity are proved for 4th order 2 dimensional and 
3 dimensional symmetric tensors. Finally, we apply these result- 
s to present analytical vacuum stability conditions for vacuum 
stability for Za scalar dark matter. 
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1 Introduction 


Recently, Kannike [12-14] studied the vacuum stability of general scalar po- 
tentials of a few fields. The most general scalar quartic potential of the SM 
Higgs H,, an inert doublet H5 and a complex singlet S is 


3 
V (hı, h2, 8) = T = ` YijklZiŽjŽkŽl, (1.1) 


i,j,k, =1 


where zZz = (21, 22, 23)! = (hi, ha, s)! , hi = ||, ho = |Hə|, Hi H, = 
hihape!?, S = setts, T = (wy) is coupling tensor, an 4th order 3 dimen- 
sional real symmetric tensor. Clearly, hı > 0, ha > 0,5 > 0. So, the vacuum 
stability of Z3 scalar dark matter V (hi, ho, s) is equivalent to the strict copos- 
itivity of the coupling tensor I = (7;;4;). The concept of (strict) copositivity 
of symmetric tensors was introduced by Qi [20] in 2013. A symmetric tensor 
D with order m and dimension n is called 


TL 


(i) eopositive Iu" = YS "^u v4245:::24, Z 0 for all nonneg- 
iai, iml 
ti = Ts 
ative vector z = (z4,:-* , £n); 


(i) strictly copositive if Ta” > 0 for all nonnegative and nonzero vector 
£ = (£1, aut. 


Since the practical matters such as the vacuum stability of general scalar 
potentials of a few fields require precise expressions, it is necessery to find the 
analytical expressions of the strict copositivity of a symmetric tensor. Qi [20] 
showed a symmetric tensor is strictly copositive if for all 7 = 1,2,--- ,n, 


Vii + 3 0s <0, (41, i2, ib a) * (a; sia yr >0. 


Song-Qi [23] gave a necessary and sufficient sondition of strictly copositive 
tensors with the help of its H-eigenvalue and Z-eigenvalue. Song-Qi [28] stud- 
ied the (strict) copositvity of symmetric tensors by means of the constrained 
minimization problem on the unit sphere. Song-Qi [26] showed that the 
(strict) copositivity of a symmetric tensor is equivalent to its (strict) semi- 
positiveness. A tensor I' is said to be (strictly) semipositive (Song-Qi [24]) 
if for each nonzero and nonnegative vector x = (z,25,:-- ,24) , there is 


k € (1,2,--- , n) such that 


tj > 0 and (Do), = » licia. Lig 7 Lig, Z O(> 0). 


day mal 


This class of tensors has close relationships with the tensor complementarity 
problems (for short, TCP)( [29-31]). For more details about TCP, also see 
[1-4, 8-11, 16, 33-35] and references cited therein. 

Recently, on the base of the main results of Song-Qi [26], an analyti- 
cal expression of detecting the strict copositivity of a symmetric tensor was 
obtained by summarizing conclusions of Qi-Song [13], Song-Qi [25], Song- 
Mei [31], Yuan-You [36]. That is, a symmetric tensor I is strictly copositive 
if it satisfies 


(1) 2 Viet, > 0 for all i € {1, 2, nh}, 


12,7 tm=1 


(il) zem De rini) > Yijnig~-jm for all (Ja, Jo; Jm) F (55 iO. 
12,7 ,4m = 
The numerical algorithms of copositivity of a tensor also were presented 
by Chen-Huang-Qi [5], Chen-Huang-Qi [6], Nie-Yang-Zhang |17], Li-Zhang- 
Huang-Qi [15], also see [7,21,22]. Very recently, Song-Qi [27] provided several 
analytically sufficient conditions of checking (strict) copositivity of 4th order 
3 dimensional symmetric tensors by reducing orders or dimensions of tensor. 
In this paper, we will study the analytical expressions of certifying copos- 
itivity of a 3rd order 3 (or 2) dimensional symmetric tensor. Then applying 
them to show sufficient conditions of copositivity of 4th order 3 dimensional 
tensors, which are differ from ones of Song-Qi [27]. Furthermore, we use 
these conclusions to check vacuum stability for Z3 scalar dark matter. 


2 Preliminaries and Basic facts 


Let || - || denote any norm on R”. Then the equivalent definition of (strict) 
copositivity and semipositive (positive) definiteness of a symmetric tensor 
was presented in the sense of any norm on R? [19-23]. 


Lemma 2.1. ( [?5]) Let Y be a symmetric tensor of order m and dimension 
n. Then 


(i) T is copositive if and only if Uz'* > 0 for all nonnegative vectors x € IR" 
with ||x|\| = 1; 


(ii) T is strictly copositive if and only if Ux" > 0 for all nonnegative vectors 
x E€ R” with |z|| = 1. 


For a cubic and univariate polynomial P(t) with real coefficients, 
P(t) = at? -- bt? + ct 4- d, (2.1) 
Schmidt-He@ [32] proved its nonnegative conditions. 


Lemma 2.2. ( [52, Proposition 2]) Let P(t) be a cubic and univariate poly- 
nomial given by (2.1). Then (i) P(t) > 0 for all t 2 0 if and only if the 
inequalities systems (1) or (2) hold, 


(1) a>0, b>0, c>0, d » 0, 


(2) max(a,d) » 0, a 2 0, d 2 0, 4a? -- Ad -27a?d? — 18abcd — bc? > 0. 
(ii) P(t) > 0 for all t > 0 if the inequalities 
a>0, d>0, b>a—2Vad,c > d—2vad 


hold simultaneously. 


Lemma 2.3. ( [52, Proposition 3]) Let a quadratic and univariate polynomial 
p(t) be given by 


p(t) = ot? + Bt+7. (2.2) 
Then p(t) > 0 for allt 2 0 if and only if the inequalities 
a>0, 720, 6+2/ay>0 (2.3) 


hold simultaneously. 


3 Copositivity of 3rd order tensors 


Let P = (ij) be a 3rd order 2 dimensional symmetric tensor. Then for a 
vector x = (21,22), 


2 
3 
Ta? = J Yik til jtk 
ij,k=1 


_ 3 2 2 3 
= ^ut, + 31128 L2 + 31227125 + Y22213- 


(3.1) 


Theorem 3.1. A 3rd order 2 dimensional symmetric tensor is copositive if 
and only if the following inequalities systems (1) or (2) hold, 


(1) ^ui 2 0, ye22 2 0, V112 20, $122 20; 


(2) max{7111, V222} > 0, ii = 0, 222 È 0, 
47111 Vie + 412222 + 1111222 — 69111112122222 — 3y 0. 


Proof. It follows from Lemma 2.1 that we can restrict z = (£1, £2)" to 
lx || = lai] + |z2| = 1 for all x with zı 2 0, z2 > 0. 


Clearly, Px? = «i21 > 0 for x = (21,0) and Tz? = 4522135 > 0 for x = 
(0,22). Now both zı and x2 are not 0. Then the homogeneous polynomial 
Az? can be divided by x3 to yield 


D zi) m 21 
— = Nu | — ) +32 — ] t 9m | — | + Y2. 
T5 T2 T2 T2 


P(t) = "ui?  3yuat? + 3922t + 222. (3.2) 


Clearly, P(t) > 0 if and only if Fz’ > 0. An application of Lemma 2.2(i) to 
the polynomial P(t) with (a, b, C, d)! = (Y111, 37112, 9122; Y222) ' , we obtain 
that P(t) > 0 for all t > 0 if and only if the inequalities systems 


a = J11 20, d= 222 > 0, b = 37112 20, c = 3231 20 
or 


max{Yi11, Y222} > 0, ^u 2 0, Y222 = 0, 
Ayi11(3y122)? + 4(3y112)? V222 + 22,25, — 1811 (39112) (37122) V222 
— (S512)? (89123)? > 0. 


Namely, 
^ii 2 0, 222 2 0, 61332 2.0, 122 2.6; 
or max{7111, Y222} > 0, v: > 0, 223 = 0, 


4111 Vine "E Ay 9'V222 F Yia — 6%111112122 V222 — aTa > 0. 


Therefore, the desired conclusions are obtained. 


Remark 3.1. It follows from the proof of Theorem 3.1 that Ux? may be 
divided by x} (v4 #0), then 
pu 3 
P(t) = ui m + 9?nst + 391220 + Yo20t", 
1 


where t — m The conclusions are same. 


Theorem 3.2. Let T be a 3rd order 2 dimensional and symmetric tensor. 
Assume that 


^ni = 0,222 = 0, 


x dn 24/7111 7222 ace Y222 — 24/V111V222 
^ ai2 2 3 , 222 3 : 


Then T is copositive. 


Proof. Using the proof technique of Theorem 3.1, we only need to show the 
nonnegativity of the polynomial P(t) given by (3.2) for all t > 0, where 


P(t) = at? +b? -- ct -- d, a= yn, b= 3712, C= 33122, d = V222 
The assumptions mean that a = 7111 > 0, d = yo22 > 0, 


b= 37112 = Yi — 24/7111222, € = 3122 > Y222 — 2y Y111Y222- 


From Lemma 2.2(ii), it follows that P(t) > 0 for all t > 0, and so, the tensor 
T is copositive, as required. 


Theorem 3.3. Let T be a 3rd order 2 dimensional and symmetric tensor. 
Assume that one of the inequalities systems (1) and (2) holds, 


(1) ^ni 20, 922 2 0, i22 2 0, 52 = -2y 31229111; 


(2) ^ui 20, yez2 2 0, Yuta 2.0, i22 = —§ V322. 


Then I is copositive. 


N 


Proof. Using the proof technique of Theorem 3.1, it is known that the copos- 
itivity of T is equivalent to the nonnegativity of the polynomial P(t) for all 
t > 0, where 

P(t) = yut?  3ya€ + 3923t + V222. 


Now we show the nonnegativity of P(t). In fact, 


P(t) = ui? + (3913£? + 3923t + 7222), 
= t(muit + 3y112t + 39422) + V222- 


Let f(t) X 3y1122? + 3^r123t + Y222 and g(t) x: yut? + 9"ruist + 3975123. Then 
from Lemma 2.3, it follows that the nonnegativity of f(t) is equivalent to the 
inequalities system, 


Y222 2 0, 112 2.0, 37122 + 2y 37112222 = 0. (3.3) 


So, the inequality 7111 > 0 along with the above inequalities system (3.3) 
imply the polynomial P(t) = yt? + f(t) > 0 for all t > 0, that is, T is 
copositive. 

For the aussumption (1), the same technique is applied to g(t) to yield 
the desired conclusion. 


For an 3rd order 3 dimensional symmetric tensor I and a vector £z = 
T 
(z1, T2, 73) , 


3 
Tr? = 2 YijkLiljEk 
ij,k=1 (3.4) 
=y? F Y22213 F 133303 F 371120722 F 371220125 E 371130723 


+ 371330103 + 32237503 + 30330203 + 67123012 9X3. 


Theorem 3.4. An 3rd order 3 dimensional symmetric tensor T is copositive 
if the following inequalities systems hold, 


^ui 2 0, Yoo. 2 0, Y333 Z 0, Yi28 = 0, 
3211123 + 327112222 + V111V222 — 2471111127122222 — 4871127122 = 0, 
3271117133 T 3271137333 + 111333 = 247111113133333 — 487113133 0, 
327222233 + 327223333 + "Yaas' 433 — 24 yazx azar osa rasa — 4872237233 = 0. 


Proof. Rewritten Tz? as follows 


1 1 
Dar? =(=? + 39yiax 222 + 9931222122 + 5 122222) 


2 
1 3 2 2,1 3 
*t(5muri + 3911377 £3 + 371331423 + 513333) 


1 3 2 3,1 3 
(522222 + 372937923 + IY233L213 + 5 13333) 


+ 6712301 52%3 
—Ay? + B2 + Cw? + 6123312213, 


where y = (£1, £2)! , z = (21,23)! , w = (22,23)! , A = (aix) and B = (bizk) 
and C = (cjj;) are three 3rd order 2 dimensional symmetric tensors with their 
entries 
4111 = 9b 4112 = 112; 0122 = ^y122, 4222 = 91222; 
1 


bui = 9115 bii2 = 7113, b122 = 133, b222 = 9 1333) 


1 1 
Ci = g 1222; C112 = 7223, C122 = 7233, C222 = 2 1333: 


For the polynomial Ay? = $7111.03 + 391120722 + 391232122, + Y22213, the 
assumptions imply that 
1 1 
Qi = 571 > 0, d222 = 3 1222 eo, 


3 3 2 2 2 2 
4a11101535 + 4à150222 + 41110535 — 60111011201220222 — 381150159 


1 
= 15 (32111 Vive + 32712222 F ^f ii 1223 — 247111112122222 
= 487112122) EU 


From Theorem 3.1, it follows that the tensor A is copositive, i.e., Ay? > 0 
for all y > 0. 
Similarly, we also have Bz? > 0 for all z > 0 and Cu? > 0 for all w 0. 
So, 
Da? = Ay? + Bz? + Cw? + 6315311219134 > 0 for all x > 0. 


The desired conclusions are proved. 


Using the similar proof technique of Theorem 3.4, we may apply Theorem 
3.2 to three tensors A = (a;;,) and B = (b;;;) and C = (c,;,), and then the 
following conclusions are showed easily. 


Theorem 3.5. Let T be a 3rd order 3 dimensional and symmetric tensor. 
Assume that 


Yi Z 0, Yo22 = 0, Y333 = 0, 123 È 0, 
^ui — 24/1222 > Y222 — 24/111V222 
’ 2 ; 


> 
Y112 2 6 V12 6 
^ui — 24/11/38 ^ya33 — 24/^111'/333 
J113 = 6 «Vier 6 
Y222 — 2y/72227333 ^ya33 — 2 /^f222//333 
"yaa3 = 6 soa Z 6 


Then I is copositive. 


4  Copositivity of 4th order tensors 


Let A be an 4th order 2 dimensional symmetric tensor. Then for a vector 
T= (21,23)', 


2 
4 
Ar = J Qijkl LiL Sedi 


i,j,k, l=1 


(4.1) 
4 3 2.2 3 4 
= aint, + Aa12112122 6012211125 + 4012927125 + 4222215. 


Theorem 4.1. Let .A be an 4th order 2 dimensional symmetric tensor with 
441111 > 0 and à2533 > 0. Assume that one of the following conditions (1) and 
(2) holds, 


3 3 2 2 

(1) 41222 = 0, 9441111} 991 +644712101222 +2745 14 A299 — 108a4111011210122101222 
2 2 : 
— 36115101531 Z 9; 


3 3 2 2 
(2) a1112 > 0, 64a4211015544-54a1554102223- 21154105555 — 10881211042210122202222 
2 2 
— 360155101559 = 0. 


Then .A is copositive. 
Proof. Rewritten Axt as follows, 


4 3 2 2 3 4 
Az^ =x (111127 + 48121111223 + 6012312175 + 40122315) + 0222375 


4 3 2 2 3 
—a111121 + Lo(4ay911 2} + 6012312122 + 4012231125 + 02223275). 


Let 

f (21,22) = aun] + Aaa 2702 + 6012312322 + 40122225. 
Then f (21,22) can be a homogeneous polynomial defined by a 3rd order 2 
dimensional and symmetric tensor I = (7;;,) with its entries 


V1 = 41111, 112 = 32i ^22 = 21221, Y222 = 401222. 
From the assumption (1), it follows that 
Ayi11Yi09 + 4113222 F Mri Yon) — 69111112122222 — Saar 


4 
= 4a1111(201221)” F 4A(z01211)”401222 F a?ii (401222)? 


4 
— 6a1111(51211) (201221) (401222) mi 3(2a1211)? (241221)? 


3 
6 
_ 3 3 2 2 
= y 4a + 6411510122? + 270111104555 
2 2 
— 108a1111011210122101222 — 360113101221) 
> 0. 


By Theorem 3.1, we have f(x1, £2) > 0 for all x > 0, and hence, 


Ax* = 21 f (21,22) + a222213 > 0 for all x = (11,23)! > 0. 


That is, A is copositive. 
Let 


3 2 2 3 
g(X1, 22) = 4a421121 + 6a12212122 + 4012222125 + 0222215. 


In the same way, we also have g(x1, £2) > 0 for all z > 0 by the assumption 
(2). So, Axt = aur] -- 32g(21, 22) > 0 for all z = (x1, 22)! > 0, and hence, 
the copositivity of A is proved, as required. 


Similarly, using Theorem 3.2 (for the tensor T = (7,;,) in the above 
proof), the following theorem is obtained easily. 


Theorem 4.2. Let A be an 4th order 2 dimensional symmetric tensor with 
a1111 > 0 and ag222 > 0. Assume that one of the following conditions (1) and 
(2) holds, 


1 2 

(1) 44222 2 0, à1112 > qu — 411191222, 01221 = 3 (01222 — 24/4111141222); 
1 2 

(2) 41112 2 0, 41222 = 402222 — 40111202222, 01221 > 3 (12 = 2y 1111202222). 


10 


Then .A is copositive. 


Let A be an 4th order 3 dimensional symmetric tensor. Then for a vector 
E T 
z = (£1, £2, 3) 4 


3 
4 
Ar = 1 Qijkl tity 


i,j,k, l=1 
= 4 4 444 344 3 
=A111101 T 02222375 + 03333373 + 401292711 + 4013331113 (4.2) 
3 3 3 3 
+ Aa21111122 + 4493330273 + 4031112113 + 4832221513 
2,,2 2,2 2,2 
+ 60412531125 + 6a11331133 + 6022331535 
2 2 2 
+ 1201231111323 + 1281232111543 + 120423301 22X35. 


Now we give several sufficient conditions of 4th order copositive tensors 
with the help of ones of 3rd order copositive tensors in Section 3. 


Theorem 4.3. Let A be an 4th order 3 dimensional symmetric tensor. As- 
sume that 


ai111 = 0, 42222 2 0, 43333 = 0, 

41112 29, @1113 2 0, 41222 2 0, 42253 È 0, 41333 7 0, 42333 = 0, 

Max { 41222, 41333} > 0, max (1112, 2333]. > 0, max(a1113, 42223} > 0, 

641122 + /0111102222 Z 0, 641133 + V/4111143333 Z 0, 642233 + 4/ 0333302222 = 0, 
80122201533 + 80155301333 + 160122201333 — 24a1222012234123301333 — 3a155301533 = 0, 
88211101533 + 80742302333 + 16034115393 — 2402111011230123302333 — 30712301233 > 0, 


3 3 2 2 2 2 
8031110553 + 80315302223 + 160311103222 — 24a3111011230122303222 — 30145301253 = 0. 


Then A is copositive. 


Proof. Rewritten the homogeneous polynomial Axt (4.2) as follows, 


1 1 
4 4 2.2 4 
Ax -(gauuzi + 6011221125 + g 0222222) 
1 1 
4 2.2 4 
+(502222%3 + 6€2233%503 + 32333313) 
1 1 
4 2,2 4 
*(gauuzi + 6a11331125 + g 0333313) 


3 2 2 3 
4-21 (4122315 + 6012231523 + 6042331215 + 48133313) 


3 2 2 3 
+29(4ao111 2} + 6011231123 + 6012331125 + 40233323) 


3 2 2 3 
+23 (4a31112} T 6a412313123 + 6012232125 F 403225375). 
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Let 


1 1 
4 2.2 4 
pi(zi, 23) = gendi + 60411222125 + 9 0222213. 


It follows from Lemma 2.1 that we can restrict x to 


zl] = zi + 32 +23 = 1 and z; > 0 for i = 1,2,3. 


we assume that both 2; and x2 are not zero. Without loss of generality, let 


Clearly, p;(0,0) = 0, p1(11,0) = žanri > 0, pi(0, £2) = 1a225525 > 0. Let 


2 
z2 > 0 and t = Z. Suppose 
2 


Ti; t f 1 1 
p(t) = purist) = at? + Bt +y with a = gas p = 641122, y = g 02222- 
2 


It follows from Lemma 2.3 that the assumptions a111 > 0 and a22 > 0 
together with the inequality 6a1122 + \/@111142222 > 0 mean p(t) > 0 for all 
t > 0, and hence, pj(z,, £2) > 0 for all x = (£1, £2)! > 0. 

Similarly, we also have 


u 1 4,6 22,1 459 
pa(22, 23) = 9022227) + 6825333515 + g 03333773 2 


and 


1 1 
p3(21, 23) = see =F 6011331173 F 39333313 >0. 


(£2, £3) 0122215 + 0122312313 + 012334233 + 0133333. 


Then the homogeneous polynomial F)(x2, 73) may be written as 


2 


Fy(x2,03) 2 Ty? = M yijnyiyiye for y = (12,23), 
ij, k—1 


where T = (*ij;) is 3rd order 2 dimensional symmetric tensor with its entries 
^ii = 401222, 112 = 201223, "3122 = 203233, Y222 = 401333. 


Then by assumptions, we have 


3 3 2 2 2 2 
4111122 + AY1131222 + 11170223 — O11 7122/1222 — 3V112V122 
3 3 2 2 
=16 (84122247233 + 80555401333 + 16015551433 — 2401222012230123301333 


2 2 
= 30125301233) = 0. 
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From Theorem 3.1, it follows that I" is copositive, i.e., 
F,(x9, 23) = Dy? > 0 for all y = (z2,23)! > 0. 
Similarly, we must have 
Fo(£1, 23) = 4an? + 6a11231223 + 601233117; + 42333173 = 0 
and 
F3(@1, £2) = 4agi 2} + 6011231222 + 6012231422 + 48322325 > 0. 
Thus, for all z = (z1, £2, £3)! > 0, we have 


Ax* =p; (x1, 22) + po(12, 23) + ps(a1, v3) 
+2 Fir £3) + LF o(x1, £3) + 63 F3(21, 12) > 0. 


Namely, A is copositive, as required. 


Now we give a simpler sufficient condition of copositive tensors using 


Theorem 3.2 (for the tensor [ = (7;;,) in the above proof). 


Theorem 4.4. Let A be an 4th order 3 dimensional symmetric tensor. As- 


sume that 


a1111 = 0, 42222 > 0, 43333 = 0, 


d1112 2 0, à1113 È 0, 41222 > 0, 42223 > 0, 41333 > 0, 42333 > 0, 


1 1 1 
d1122 = Zg V 9111102222, 41133 2 Z g V 2111103333, 12933 = Z g V 2333302222, 
2 
41223 = 3 max141222 E 2y 0122201333, 02223 — 2y 4111242223 }, 
2 
01233 2 3 max{ 42333 E 24/0111202333, 01333 — 2y 0122201333] ; 
2 
41123 = 3 max(a1113 - 2y 0111302223, 41112 — 2y 0111202333] - 


Then .A is copositive. 


13 


Theorem 4.5. Let A be an 4th order 3 dimensional symmetric tensor. As- 
sume that 


41111 > 0, 42222 > 0, 43333 > 0, a1113 2 0, 41222 > 0, 42333 = 0, 

981122 + /0111102222 Z 0, 981133 + 4/0111103333 Z 0, 92233 + 40333302222» = 0, 
2701123 + V Oana + /43111102222) (981133 + 4111143333) 2 0, 

2704223 + V Oana + / 111102222) (92233 + 4/0333302222) > 0 


2741233 + V Oan + /a11113333) (942233 + /G333342222) > 0 

2a1111 (9a1122 Fy gud T gs 45013250311 T Oia ome 

— 3°. 4441110111201222 (901122 T v/a111102222) — 3°. Aa? as (9a1122 +y 0111102222) 20 
202222 (982233 + V Qa33302222)" + 37. 435222303533 ki 35a322202333 

— 3°. 4.4.99990222302333 (9a2233 +y 1333302222) -3. 42223 (902233 t Qa33302222)". = 0 
203333 (901133 + V/a22203333). + 3” - 428133303443 + 3°a253307533 

— 3° - 4a33330111301333 (901133 + V/@111143333) — 3° - 407333 (9a1133 + V 0111103333). > 0 


Then A is copositive. 


Proof. Rewritten the homogeneous polynomial Axt (4.2) as follows, 


1 ^". J | 
a + (Vassa — Vazn?) ) 


tg? zı (33311121 + 36041120722 + 2 (901122 + / 111102222) 2115 + 36122513) 
+50 (3a222543 + 36429237573 + 2 (982233 + 333302222) T2£3 + 360233313) 
+50 (3a33330°3 + 36013330123 + 2 (9a1133 + /a111103333) ring + 364111307) 
+a ( (( 9a1122 + /a111102222) s + 54a41531223 + (901133 + 4/ 0111103333) x?) 
T d (( 9a1122 + 4111142222) x? + 54442937123 + (9a2233 T v/0333302222) 235) 
T Sat (( 941133 + 111143333) a + 54042330122 + (9a2033 T 0333302222) z3) . 


Let 
Firiz2)-— 320111122 2- 36011122225 -2 (981122 + /a111102222) 7122 --360122523. 
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Then the homogeneous polynomial Fj(zi,r5) may be written as 


2 
Fí(z1,22) = Ty? = `> YijkYiYjYk for y = (21,22) , 
i,j,k—1 


where I = (7j) is 3rd order 2 dimensional symmetric tensor with its entries 


2 
Vii = 341111, Vita 12a1112, Y122 = 3 (9a1122 T 4111102222) , 999. = 3601222. 


Then by assumptions, we have 
3 3 2 .2 2 .2 
47111122 + A 112222 + V111 Ya22 — 611111271227222 — 31133122 


9 3 
—4(3a1111) G (9a1122 + y m) + 4(12a1112)? (3624223) + (381111)? (36a1253)? 


2 
a 6(3a1111)(2an12)(7 (9a1122 Ty 2111102222) ) (361223) 


2 
o — 3(12a1113)? (5 (981122 + Vai) 
N =F aun (903122 + v/aiid222)- + 37 - 492125505115 + 3a, 01255 
—3 . 4a31110111201222 (981122 + /a111102222) — 35. Ars (981122 + vang) ) = 0. 
From Theorem 3.1, it follows that I' is copositive, i.e., 
Fí(21,22) = Ty? > 0 for all y = (z1,23)! > 0. 
Similarly, we must have 
F4(a2, £3) = 30222213 +36a22030523+2 (002233 + /0333302222) 12124-300233313 > 0 
and 
F3(21, 23) = 383333134-36013332125--2 (984133 + 4111143333) 1 1134-36a111311 > 0. 


Let 


2 2 
Di(z2, £3) = (9a1122 + /a111102222) 254-54a112312134- (901133 + /Q111103333) v3. 


15 


It follows from (strict) copositivity of 2 x 2 matrix (or Lemma 2.3) that 
pi(%2, 23) > 0 for all (x2, 23)! > 0 if and only if 


981125 + y 0111102222 > 0, 981133 + y 0111103333 >0, 
27a1123 + "OP ty 1111102222) (981133 +y 1111103333) >0. 


Similarly, we also have 


po(zi; 73) = (9a1122 + 4411142222 ) 2124-54012231123-- (982233 Ty 1333302222) d >0 


and 


p3(£1, £2) = (9a1133 + / 111103333) $1-- 540123311 22+ (002233 + /a333342222) £3 > 0. 


Thus, for all x = (£1, £2, £3)" > 0, we have 


2 I 2 
Axt ^3 (Vanur = (1222315) + 3 (vVannzti = 033333) 


1 
+ 3 (333323 — Janar) 
1 
+ gi Fn 22) + £9Fo(x2, £3) + z3F3(21, 23)) 


+ g Cii (T2 va) + 2x2pə(£1, £3) + 2£2p3(£1, £2)) > 0. 


Namely, A is copositive, as required. 


Remark 4.1. In this section, the conclusions are proved by reducing dimen- 
sions or orders of tensor. For example, Theorems 4.5 and 4.3, an 4th order 
3 dimensional tensor is decomposed into three 3rd order 2 dimensional ten- 
sors and three 2nd order 2 dimensional tensors, and then, by studying the 
copositivity of these lower dimensional and lower order tensors, the desired 
conclusions are proved. Similarly, we may decompose an 4th order 3 dimen- 
sional tensor into three 3rd order 3 dimensional tensors T, T2, Ts, 


Ax* =r (anv? + 2041122215 + 3a11227105 + 20122215 + 2133313 
+ 311330123 vs 2041132223 + 444193212223 + 4042233223 + 4042331332) 
4x»(2aiuor) + 3a11220 72 + 2042223132 + 0222212 + 20233313 
+ 4812331122 + 4011233123 + 4122313233 + 2022231213 + 3022331212) 


3 2 2 3 3 
4-13(2a111371 + Aa11231 122 + 4812231115 + 202233175 + 333303 


2 2 2 2 
+ 2013331115 + 3a11331 133 + 481233111233 + 3022333513 + 2023331213) 
=r Lz’ + Llar? + z3L'32?. 


16 


Then we can obtain other sufficient conditions of copositivity of an 4th order 
3 dimensional tensor A by Theorems 3.4 and 3.5. Here we omit it. This way 
to reducing dimensions or orders of tensor may be a very important method 
of analysing higher order tensors in future. 


5 Checking vacuum stability of Z, scalar dark 
matter 


Kannike [12,13] presented a physical example defined by scalar dark matter 
stable under a Z discrete group, that is, the most general scalar quartic 
potential of the SM Higgs Hj, an inert doublet H5 and a complex singlet S 
which is symmetric under a Z3 group is 


V (hi, he, 8) =Ar|Hi|* + Ag| Halt + Ag| Hi 7| Ho? + A4(HÍ Ho) (HT H3) 
+ As|S|* + Asi SP? Hip? + Aso|S |? | Ha? 
1 
+ 50i? Hi Ha X445? H} Hi) 


—AUT + Agh$ + Agh?hs + Ap? hh? 
+ Ags + Asis h? + Asos?h2 = |Asi2|ps7hihe 
3 


4 
-Iz-— X YVijklZkZjčkčl 
i,j,k, =1 


where z = (21, 22, 23)' = (hi, ha, s)! , the orbit space parameter p € [0, 1], 
hy = |Hi|, ho = |H>|, HH, = hyhope’?, S = se’? Asia = —|Asil, 
T = (^ijij) is an 4th order 3 dimensional real symmetric tensor with 


Yi = Ai, Y2222 = A2, 3333 = As; 
1 


1 1 
Y1122 = gs F dap”), 1133 = gst 2233 = ALD 


1 
71233 = -15^eisle ^fijki = 0 for the others. 
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Clearly, z > 0. It follows from Theorem 4.5 that the conditions of (strict) 
copositivity of the tensor I (that is, V (h1, ha, s) = T24 > 0(> 0)) are 


Ay > 0, A2 > 0, Ag >Q, 
32s + BAap? + 2V A19 > O(> 0), 3Agi + 24/Ai1Ags > 0C 0), 
3A 92 +2 AgA2 > 0(» 0), 


9 
= qlAsiale + "(om + 2 AAs) (33s; +2 As) > 0(> 0). 


So these conditions assure the potential V(h1,h2,s) under a Z3 group is 
bounded from below, and hence, this guarantees the vacuum stability for Z3 
scalar dark matter. 
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